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PERIODIC SOLUTIONS OF HYPERBOLIC PARTIAL
DIFFERENTIAL EQUATIONS IN A STRIP

BY
A. K. AZIZ(*) AND A. M. MEYERS

1. Introduction. In this paper we shall investigate the questions of existence,
uniqueness, and continuous dependence on initial data of periodic solutions of the
nonlinear hyperbolic equation:

Ly Lu = uyy+a(x, y)u,+b(x, y)u,+c(x, y)u = f(x, y, u, u, u,)

in the strip S={(x, y); —0 <x <o, 0= y=<r}. Here the functions a, b, ¢ and f are
assumed to be periodic in x with the same period T. (For a precise statement of the
smoothness assumptions of the functions involved see the statements of the
theorems in §3.) We ask for a classical solution of (1.1), periodic in x with period
T and satisfying the initial condition

(1.2) u(x, 0) = 6(x),

where 0(x) is continuously differentiable and periodic with period T.
The problem mentioned above has been discussed by L. Cesari [2], [3], for the
more difficult case where no damping is present, i.e. for the equation

(1.3) Usy = f(X, Y, U, Uy, Uy).
Similar problems concerning the existence of periodic solutions for the equation
(1.9 Uy —Uex = ef(t, X, U, Uy, u,)

have been studied by O. Vejvoda [9], J. K. Hale [S] and P. H. Rabinowitz [8].
L. Cesari [4] and J. K. Hale [5] have also considered the question of existence of
periodic solutions in the large for (1.3). The approach in [2], [3], [4] and [5] is
based on the method used by these authors for similar problems in ordinary
differential equations [6]. The approach and techniques used by Rabinowitz can
be considered as an extension of the methods of the theory of elliptic boundary
value problems to hyperbolic equations. The results presented in the present paper
neither contain the results of the previous authors nor are they contained in their
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results. Due to the presence of damping, we obtain the existence of a solution under
weaker hypotheses, e.g., the Lipschitz condition on f'is replaced by a more general
condition:

(1°5) If(x9 Y, U, p, q)"f(x’..% u, ﬁ9 q)l = 5’1(|P—17|)+52(|q—¢7|),

where @, and &, satisfy certain integral relations (see Hypothesis 4 of Theorem 3.1).
In case @; and @, are linear in their arguments we have the Lipschitz condition.
It appears that the introduction of condition (1.5) simplifies the proofs and makes
the results more explicit. Our approach is completely different from those used by
the authors cited above. It is based on a representation formula for the general
solutions of the hyperbolic equation

(1.6) Uy +a(x, YU+ b(x, Y)u,+C(x, y,u) =0

due to M. Picone [7]. From an extensive search of the literature, it appears that
this procedure has not been fully explored and in particular it has not been used
in connection with the periodic solutions of hyperbolic equations. [In the present
paper we have confined our discussion to the study of periodic solutions in the
strip. The extension of these results to the case of periodic solutions in the large,
i.e. the case where we require u(x+ T, y)=u(x, y)=u(x, y+T) shall be dealt with
in a forthcoming paper.]

In §2 we describe Picone’s representation formula alluded to earlier and introduce
the notations and definitions needed in the sequel.

§3 contains the main results concerning the existence, uniqueness and continuous
dependence on initial data of the solution of our problem.

2. Preliminaries. In this section we introduce the function spaces and operators
which will be used in the sequel to obtain our main results.

Let us suppose for now that f'is defined in Sx E (E is the set of real numbers)
and is continuous there. Also suppose a, a,, b and c are continuous in S. Picone [7]
has shown that it is possible to find functions «, 8 and y such that on a rectangle
[0, 1] x (0, r2] (contained in the domain S)

@n Lu)(x, »)=f(x, y, w) = [(1/eB)(Bu)))(x, ¥) —¥(x, ¥, u),
where
2.2 Lu = u,,+au,+bu,+cu.
A necessary and sufficient condition for (2.1) to hold is
(@) B/B=a; (i) (eB)x/of = b;
(i) y(x, y, u) = f(x, y, w)+[a.+ab—clu.

Now, if u is a function such that

(2.4 («(Bw),)(x, y) = A(x, y, w),

(2.3)
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where
A(x, y, u) = (eB)(x, y)¥(x, y, u)
then
(Lu)(x’ y) = f(x’ s u)

and conversely. But if u satisfies (2.4) then

@9 uny) = gas {400+ [ s [+ [ A a] o}

for arbitrary functions ¥(x) and #(y).
Conversely, any function which satisfies (2.5) will satisfy also (2.4) and hence

(Lu)(x, ) = f(x, y, w).

It is clear that Picone’s method may be applied if f depends on u, and u, also.
Then one obtains an integral equation similar to (2.5), with 4 depending on u,
and u,. We suppose for now that f is defined on Sx E® and we proceed to show
how (2.5) is used to answer the question of existence of periodic solutions of Lu=f.
Assume that a, b, ¢, 8 and f are continuous in their domains and periodic in x
with the same period T. a, and 0'(x) are continuous. Let R=[0, T} x [0, r}. Then
by virtue of periodicity of a, b, ¢ and f we need only find a function u such that

Lu(x, y) = f(x, y, 4, tx, ),
u(x’ 0) = O(X), u(oy y) = ll(T, y)’ ux(09 ,V) = ux(Tr y)

If such u exists then it must satisfy
@1 uw ) = g {4+ [ o [+ [ A ) ] dn}
along with the conditions

(2'8) u(x’ 0) = e(x)’ u(oa y) = u(T’ y), ux(09 }’) = ux(T; y)°
Thus we find that

(2.6)

W) = BB, 0, 80) = oy DO T [ (6,3, ) .

¢ is well defined provided that
T

2.9) f b(s, y)ds # 0 for ye[o, rl.
0

Finally, from the definitions of «, B8 and 4, if u satisfies (2.6) and if (2.9) holds,
then u must satisfy

v v [T (¢,7;x,¥)
u(x,y) = 0(x)exp (= | a(x, 1) dt) + Y€, m, u, uy, u)) 220X e gy
(2.10) , x( -[o ) fo J‘o t("])
+ j fo Y&, 7, 1y s, w)S(E, m; %, ) dE din,
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where
7(x9 Y, Uy Uy, uu) = f(x9 Y, Uy Uy, uu)+ [(ax+ab-c)u](x, J’),

S(E, 7 X, V) = exp ( - f " a(x, 1) di— L " b(s, ) ds),
) n
t(n) = exp (fo b(s, 1) ds)— 1.

Conversely, a solution u of the integral equation (2.10) will satisfy (2.6).
The equation (2.10) leads us to consider the integral operator

(Ku)(x, y) = 6(x) exp ( - fo ’ a(x, 1) dt)

v (T (5%, )
@.11) [0 [ ) (DD g

v X
+ fo fo (E, 1ty 1z, w)S(E, 7 x, 7) dE din,
with (Ku), and (Ku), given by

(Ku)x, ¥) = [0’(x)— 6(x) fo Y ax, 1) dt] exp ( - f: a(x, 1) dt)

v (T 5:(€m5 %, ¥)
+f° fo '}’(ga My Uy Uy, uy) __;(:5_ df d’)

(.12 3 . ’
+f0 y(x, N, Uy Uy, uy) exp (—J; a(x, t) dt) d‘q
+f: Lx V(€ 0y U, Uy, w))S(€, 13 X, y) dE din,

(Kw)y(x, y) = —a(x, y)(Ku)(x, y)
2.13) +Lfr (&, 7, t, Uy, Uy) X (—fxb(s )ds)d§
( . t(y) 0 y b y’ 9 X9 vV p { 9 y

+f: y(§, ¥, u, uy, u,) €Xp ( —f b(s, y) ds) de.

The operator K is defined on the space C, of all continuous functions v on R,
such that u, and u, are continuous on R and (0, y)=u(T, y), u(0, y)=uT, y).
The norm in C, is defined by

lull = llulast Jucla+ luylls
where for A>0

lullx = max [e=™|u(x, y)|].
(X V)ER

Using the properties of C,, the periodicity of the functions 8(x), a(x, y), b(x, y),
¢(x, y) and f(x, y, u, u,, u,) it easily follows from (2.11), (2.12) and (2.13) that K
maps C, into itself.
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3. Existence, uniqueness and continuous dependence on initial data. We begin
the presentation of our main results by stating four basic hypotheses which we will
assume in every theorem. These assumptions are:

H,: f is continuous on its domain (S x E?®) and it is
periodic in x with period T;
H,: a, a., b and c are continuous in a strip
S={(xy);-0<x<o0=sy=sr}
and q, b and c are periodic in x with period T
Hj: 6(x) is continuous with continuous derivative 6'(x)
on the real line and 6 is periodic with period T;
H,: b(x,y) > 0in R = [0, T]x [0, r].

We remark that H, is assumed for technical convenience. The methods of proof
are the same for b(x, y) <O0.

In order to state precisely the conditions under which we show existence it is
convenient to develop first some properties of X on a set

A, ={ueCy; lul £ p,p> 0}
Suppose f'is uniformly bounded on S x E® and let

M = sup |f(x,,2p,9) M = maX{ max |6(x)|, max I0’(x)|},
cn S x E3 0SxsST 0SxST

N = max [(a.+ab-c)(x, )|, N = maX{max la(x, )|, max |a.(x, y)l},
(%, ¥)ER (X,¥)ER (x,¥)ER

m = min b(x, y), m' = max b(x, y).
(x.¥)eR (x,¥)ER

We note that
Is(€,m;x y)| S e¥7em¢ ™ if0S¢ESx 0595y,

s s
SeVem¢® ifx S ¢ST,0S 7Sy

Using the above inequality we find that for ue 4,

|Ku| < (m%)pm,
where

(B3.1) =Ny,
pa = [Nu(1+N'r+m'+N')+ Nle¥",
g = [Mru(14+N'r+m' + N)+ M'2+N'r+ N')+ Mrle" "+ Mu.
If we require that Nu <1 and choose A> u,/(1 —p,), then
K3
1= py—pa/A
has the property that K4,=4,. (Note that for b=constant>2N the inequality

Nu<1is satisfied for all T>0; also for a, +ab—c=0, i.e. N=0, the above inequality
is satisfied for all 7>0.)

1\

p
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The set A, is closed and convex and K is continuous on A,. We would like
to find a closed subset 4 of A, such that KA< A and (KA) is compact. To this
end we observe that the functions s(x,y; €, m), s 7;x,¥), s,(&1;x,),
exp (=[5 b(s, ) ds)/t(y), exp (— [ b(s, y) ds) and exp (—[¥a(x, 1) dr) are all
continuous on the compact set Rx R and thus they possess a common modulus
of continuity v, on Rx R. Similarly 6, ¢', a,, a and (a,+ab—c) are all continuous
on the closed, bounded rectangle R and have a common modulus of continuity
v, on R. Also for p and A such that K4,< A4, let v; denote the modulus of continuity
of fon Rx[—pe*, pe’]2. Now, on [0, o) let m (i =1,2,3,4,5, 6) be defined by

m(8) = v2(8)e”'+[M +Tr(M+ Npe") ]v,(S)

+7(M'+ Npe)\r)elv r+mT8
mT

72(8) = M +Tr(Mr+Npe") —— ]VI(S)

-1

+T(M + Npe)eh'r+mT e,fT s,

[ mT
73(8) = M'+N'r+(M+Npe"')(Tr ;,,TeT—_—l-i-r)]vl(S)
mT
[M N'ev ’+(M+Npe"')(T(N rebm)eN T S 1+e~f)]zs,

mT
74(8) = N'ny(8)+ T(M+ Npe"') ,,,T 7 ¥1(8)+ pe'vy(8)
+(M+ Npe)e™ 73,
mT
75(8) = [M' +N'M’r+(M+Npe"’)(Tr emer—_1+r)]v1(8)

+[14+M'r+N'r+ pre*]e” 7v,(8) +e¥ "rvy(8)
+ (M + NPeAr)(N/r+m')reN'r+m'T8

76(8) = N'ny(8)+2T(M + Npe v, (8) + (pe’"+ Tperre™T P e )vz(S)

emT
+Te™T v3(8)
We observe that the functlons v; (and hence 7;) are continuous, nonnegative, non-
decreasing and vanish at the origin. Without loss of generality we may assume
that v, are subadditive.
Finally we set

Co = max  exp ( -r a(x, t) dt ),
n

0=nSvyi(x,¥)ER

C = max exp (—Jm b(s, ) ds),
4

0SS xi(x.¥)ER
- X
Co= max PP (= [ b(s, y) ds)
0S2STix.WeER Hy)




1969] PERIODIC SOLUTIONS OF DIFFERENTIAL EQUATIONS 173

Then for u € A, and (x, y) and (%, 7) in R one may verify that
| Ku(x, y)— Ku(%, y)| £ n.(|x—%]),
| Ku(x, y)— Ku(x, 7)| = 12(|y—7]),
[(Ku) (%, y) = (Ku)o(x, P)| < na(|y—F])
|(Ku),(x, )~ (K)y(%, )| S nallx—31),

(Kio(x, ) = (K, D S mull= 5+ Ve [ fur, m) =z, )] iy
+er [ vaute, m) -, ) e

+Co [ 16, o, 0 5,7, 45, )
"f(x9 s u(x, "7)’ ux(fs "])9 uy(ix 7]))' dﬂ,

NemT T
|(Kidy (3, )~ (K, 5)| S molly=FD+ ey [ 1€, 3) =, 5)
+New [ (e, ) -ucé, ) de
0
N T T
ot [ vslute, »)-uté, 7)) de
+ert [ uu(e, ) -ul, 7)) d

+Co [[ 176 5,46, ), 18,9, (6, )
—f(&, 7, u(E, ), ulé, ), w6, P €
4G [ 176,516, ), il 9, (6 9)
—f(¢, 7, u(¢, 7), u(&, 7), uy(¢, )| dE€.

Now we can state and prove our first result:

THEOREM 3.1. Suppose

(1) Hypotheses H,-H, hold,

(2) a, b, c and T are such that N[1/m+(1/m’)((e™T - 1)/(e™T — l))] <1;

(3) fis uniformly bounded in S x E?;

(4) f satisfies in Sx E?

'f(x! 2, D 4) —f(x’ X1 17, q)l s “.’l(lp—p.l)+‘52(lq°q’)y

where &, and &, are nonnegative, nondecreasing, subadditive, continuous functions
which vanish at the origin, and further &, and &, are such that for

Q,(8) = 75(8)+ [Nm(a) + l’:4(711(3)) + @o(na(3)]re™,

Qy(8) = ne(8) + ™" —r— [TNn2(8) + Tva(n2(8) + Tdss (ma(8)],




174 A. K. AZIZ AND A. M. MEYERS [December

the solutions py(t, 8) and py(t, 8) of the equations

t
pult, 8 = ©,(8)+Co f y(ps(r, ) dr, 120,
t T
palt, &) = Qu(8)+ G, f @a(pal, 8) dr+C, f lps(r, ) dr,  1€[0,T],
are such that lim,_,, pi(t, 6)=0 (i=1, 2) uniformly in t.
Then there exists a function u in S such that

(Lu)(x, y) = f(x, ¥, u Uy, Uy), u(x, 0) = 6(x), u(x+T, y) = u(x, y).

Proof. According to the discussion preceding the statement of the theorem, the
second hypothesis assures the existence of a number p>0 such that KA, 4,.
Further, if we let 4 be the set of all ¥ € 4, such that

|u(x, y)—u(®, y)| £ m(|x—X)),
|u(x, y)—u(x, P)| = 92|y =7,
|ux(x, ¥)—ux(x, P)| = m3(|y=FI)s
luy(x, Y)—uy(%, p)| £ na(|x—%]),

lux(x, .v)"ux(f, y)! é Ql(lx—f[)'l' CO J:l J)I(Pl(z, Ix_fl)) dt’
luy(x, ) —uy(x, )| = Qo(|y=F)+Cy f: @g(pa(t, |y—))) dt

+C, f @alpalts |y—F1) dt,

then (4) implies that KA< A4 and A is compact. A4 is also closed and convex and
hence by Schauder’s theorem there is at least one u € A such that Ku=u. The
function ¥ whose existence is asserted by the theorem is obtained by extending u
periodically to all of S.

In the special case of linear functions @, i.e. when f'satisfies a Lipschitz condition
in the last two variables we have

COROLLARY 3.1. Suppose
(1) The first three conditions of Theorem 3 hold;

(2) If(x’ Y2, D, Q) —f(xy Y, 2, 17’ q)l éLIIP"ﬁI +L2]q_-q-| >
(3) €xp (C1L2T) <l+ C1/C2.
Then the conclusion of Theorem 3.1 follows.

Proof. We need only to show that the hypotheses of the corollary imply the
fourth condition of the theorem. Let

t t
n@, 8) = j p(r, dr, 120, 1t 8) = j pa(r, 8) dr, 1[0, T].
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Then the integral equations in the fourth hypothesis of Theorem 3.1 are equivalent
to the differential equations

(D) ri(t, 8)—CoLyry(t, 8) = Q4(3), r1(0, 8) = 0,

(ii) ra(t, 8)— CiLary(t, 8) = Qu(8)+ CoLary(T, 8), r5(0, 8) = O,
which have the solutions

CoL,2)—1
r(t, 8) = Q,(5) E’&ﬂéﬁ)__,
1

rﬁ(t9 8) = 92(8) €xp (C1L2t) -1 ClLR— Cng(eXp (CleT) _ 1)'

Thus lim,._. (¢, 8)=0 (i=1, 2) uniformly in ¢ since Q, and Q, are continuous and
vanish at zero. Further, p,(t, 8)20 (i=1, 2) so that lim,_ ¢ pi(¢, §)=0 uniformly in z.
Hence the hypotheses of Theorem 3.1 are satisfied and the corollary is proved.
REMARK 1. In case f is not uniformly bounded in Sx E3 but is bounded on a
set D=Sx[—d,d]®, where Ssup.y...p.eep |f(X ¥, 2, P, q)|SM,;, and satisfies
hypothesis (4) of Theorem 3.1 in D we can show that the conclusion of Theorem 3.1
follows if d is sufficiently large. More precisely, let M be replaced by M, in the
expressions (3.1) and require that, besides p; = Nu <1, we have r < (1 —u,)/p,, and

(3.2 d 2z p3/(1—py—por).
Then the set

A; = {ue Cp; ( max |u(x, y)|+ max |u.(x, y)| + max |u,(x, y)|) < d}
(x,¥)ER (x,y)ER (x,¥)€ER

is mapped into itself by K, and using M, instead of M in the remainder of the proof
of Theorem 3.1 one can show that the conclusion of this theorem follows.

THEOREM 3.2. Suppose
(1) H,-B, hold,;

(2) |f(x’ Y, 2, D, q)—f(x’ »Z l-’-, q)l §L{lZ"‘2| + Ip_ﬁl + |q—q|};
(3) a, b, c and T are such that (L+ N)[1/m+(1/m")((e™T —1)/(e™™ - 1))] < 1.
Then there is a unique function u for which the conclusion of Theorem 3.1 holds.

Proof. The theorem is proved by showing that X is a contraction mapping on
C,. Let u and @ be in C,. Then with u, N, N’, m’ and m as before

|Ku(x, )= Ka(x, »)|» S " (L+N)w/N|u—],
(33)  (Ku)alx, )= (K)alx, D)l S "L+ N)N'r+m A+ 1A Ju—],
(K, x, 9) = (K@), (x, )la S (¥ LA+ NINw/A+(L+N)ullu—a].

Thus
IKu—Ki| £ {([u+(N'r+m)p+N'p+1]/AL+N)e¥ +(L+N)u}|u—i.
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Now by the third condition of the theorem, (L+ N)u <1 so that by choosing
A> (p+(N'r+m)p+N'p+ 1)L+ N)e¥ [[1 —(L+ N)u)

K will be a contraction mapping on C,. Thus the theorem is proved.

REMARK 2. Again, the global Lipschitz condition of Theorem 3.2 may be relaxed.
Suppose there is 2 number d such that the Lipschitz condition of hypothesis (2)
holds in D (see Remark 1) with Lipschitz constant L, and hypothesis (3) is satisfied
for L;. Then we find that K maps A, (see Remark 1) into itself provided p, <1,

r <(1—pg)/ns, dZ pa/(1—p1 —por) Where now

p1 = (Lg+N)p,

pe = (Lg+N)[1+(1+N'r+m'+N')uleV",

pus = [M'Q+N'r+N )+ Mor{(1+N'r+m'+ N")u+1}]e""+ Mopu,
Mo = max |f(x »,0,0,0)].

Now the estimates (3.3) with L replaced by L, imply that K is a contraction of 4.
Thus we obtain the result of Theorem 3.2.
Before stating our final theorem we give an example in connection with our last

remark.
AN ExaMPLE. Let

Lu = uy+2u,,  f(x,, 2 p,q) = 1073(z% sin x+p%+4¢?), 6(x) = (cos x)/4.
On Sx[—d, dJ?, d>0, we have
|fCxe, v, 2, P, ) =f(x, y, 2, 5, D)| < 57*d(|z—2|+|p—p|+Ig—3]).

If r and d satisfy the inequalities
34 5/2(5—d—4dr) £d <5,  4dr < 5-d,
then according to Remark 2, there is a unique function # such that

Lu=f, u(x0) =06(x), ulxy =ux+2m,y).
If r <3/8 (3.4) is satisfied by choosing

2(1—:_4’,—) (5-(53-8r)?) <d < :m 5+ (5(3. —8r))*2)

since the right-hand inequality certainly implies 4dr<5—d.

Finally, we show the continuous dependence of the unique solution u, whose
existence is asserted by Theorem 3.2, on the initial function 6(x). For the sake of
simplicity of computation we show how this result is obtained for the case a=c=0
and 5>0. :
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THEOREM 3.3. Suppose a=c=0, b=constant and the hypotheses of Theorem 3.2
are satisfied. Let u* (i=1, 2) be functions on S such that
(Lu‘)(x’ y) = f(x’ Vs W, u;, u}l)’ u‘(x’ 0) = gt(x)’ u‘(xa y) = u‘(x"' T, y).
If
m[a:;] {|6%(x) — 6%(x)| + |d6*(x)/dx — db%(x)/dx|} < e, (r+1/b+2r)L < 1,
xe(0, ’
then there exists a number & such that

max {lut(x, y)—12(x, p)| + |ub(x, y) = ul(x, Y)| + [ud(x, ) —ui(x, y)|} £ Se.

Proof. Let
W=u-u?, & =f(x,y, W+u?, Wo+ui, W,+ud)—f(x, y, u?, u3, u}).
W satisfies on R
LW = §f, W(x, 0) = 8'(x)—6%(x), W, y) = W(T, y).
Now let a sequence of continuous functions {W"(x, y)} be defined on R by
Wo(x, y) = 6'(x)—6(x),

-bx

Wi 3) = WO )+ e || || 86 m W, W, W=y de dn

+e-bxfofo §F(6, n, Wh=1, Wi-Y, Wi-De¥ dédn,  nz L.

These functions are well defined. Moreover W2(x, y) and W}(x, y) exist and are
defined by

W3, ) = dOi(2)de—dP(ods
n 0 be-bx v T n-1 n’l‘. n-1
Wi ) = W )=y [ [ 8706 m, W, was, Wy dedi

—e== [ [ opte oo W, wymven de iy

v
+f0 Sf(x, s wn-i, W:-l’ W:-l) d’)a nzl,
Wix, ) = 0,
Wits ) = s [ 63, Wn=t, Wi, wy-hes de

+ebr f S(E, y, W1, Wa-1, Wp-0e d, 2 L.
0

For n2 1, it follows by induction that
[W™(x, y)—= W Y(x, p)| < eLa""'r/b,
(3.5 [Wi(x, y)= W™ Y(x, y)| < 2eL*a""'r,

n. n-1
W3 )= W36, )| S ¢ 22
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where a=((r+1)/b+2r). Thus
max {|W"— W3+ |Wi— Wi |+ [Wp— Wy} S e(La)".

(x,v)ER

Now it follows from the hypotheses La <1 that the sequences

n-1
Wrx,y) = Wo(x, »)+ > [WE*(x, y)— WE(x, )],

Wi, ) = W)+ 3, [WE*(x,9)= WECs, )
Wit ) = 3 I3 9)= Wi )

converge uniformly and absolutely to continuous functions W, W,, W, respectively
and W satisfies

LW =29, Wx0 =06(x)-6%(x), WO,y = WT,y).

Thus by uniqueness #W=u*—u2.
Now from (3.5) we have

_ — _ 2 2
max {|Wx, »)| + W, 9)| + | W, D)) < e(1+ > (La)x) <.
(x,¥)ER KE=0 1-La

This completes the proof.
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